GENERIC TWISTED T-ADIC EXPONENTIAL SUMS OF 

POLYNOMIALS 



CHUNLEI LIU AND CHUANZE NIU 



Abstract. The twisted T-adic exponential sum associated to a polyno- 
mial in one variable is studied. An explicit arithmetic polygon is proved 
to be the generic Newton polygon of the C-function of the twisted T-adic 
exponential sum. It gives the generic Newton polygon of the L-functions 
of twisted p-power order exponential sums. 



1. Introduction 

Let W be a Witt ring scheme of Witt vectors, ¥ q the field of characteristic 
p with q elements, Z g = W(¥ q ), and Q q = 

Let A D {0} be an integral convex polytope in M n , and / the set of 
vertices of A different from the origin. Let 

fix) = K^". 0, 0, • • • ) G W(¥ g [xt\ • • • , xt 1 ]) with \{ a v + 0, 

ueA vel 

where x° = x^ 1 ■ ■ ■ x^ 1 if v = • • • , v n ) G Z n . 

Let T be a variable. Let \i q -\ be the group of q — 1-th roots of unity in 7L q 
and x = {jJ ~ u with u £ — 1) a fixed multiplicative character of (F* ) n 

into fJ,q-i, where uj : x — > x is the Teichmiiller character. 

Definition 1.1. The sum 

S f , u (k,T)= x(Norm F9fc/F9 (x))(l+r) Tr V^ (/{i)) G Z g [[T]] 



is called a twisted T-adic exponential sum. And the function 

OO £ 

L Lu (s,T) = exp(Y,S Lu (k,T)^) el + sZ q [[T]][[s] 

k=l 

is called an L-function of a twisted T-adic exponential sum. 
Definition 1.2. The function 

OO 

C f>u (s,T) = exp^-fe* - l^Sf^T)^), 
k=l 

is called a C-function of a twisted T-adic exponential sums. 

l 
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The L-function and C-function determine each other : 

n 
i=0 

and 

oo 

C f , u (s,T) = l[L f , u (qjs,T)^ n - i n +1 ). 

3=0 

By the last identity, one sees that 

C f>u (s,T) e 1 + sZ q [[T]][[s}}. 

The T-adic exponential sums were first introduced by Liu- Wan [11]. We 
view Lf jU (s,T) and Cj ]U (s,T) as power series in the single variable s with 
coefficients in the T-adic complete field Q q ((T)). The C-function C/ jU (s,T) 
was shown to be T-adic entire in s by Liu- Wan [11] for u = and Liu [10] 
for all u. 

Let Cp m be a primitive p m -th root of unity, and 7r m = £ p m — 1. Then 
Lf, u (s,iTm) is the L-function of the exponential sums Sf :U (k,TT m ) studied 
by Adolphson-Sperber [1-4] for m = 1 and by Liu- Wei [12] and Liu [9] for 
m > 1. 

Let C(A) be the cone generated by A. There is a degree function deg 
on C(A) which is M>o-linear and takes values 1 on each co-dimension 1 
face not containing 0. For a C(A), we define deg(a) = +oo. Write 
C U (A) = C(A) n (u + (q - l)Z n ) and M U (A) = ^C U (A). Let b be the 
least positive integer such that p b u = u( mod q — 1). Order elements of 
ifco M p*u(A) so that deg(xi) < deg^) < • ■ • ■ 

Definition 1.3. The infinite u-twisted Hodge polygon H^ u of A is the con- 
vex function on [0, +oo] with initial point which is linear between consec- 
utive integers and whose slopes are 

deg(xM+i) + deg(xj»+2) j h deg(x fc(i+ i)) . _ 

^ i i — U, 1, • • • . 

Write NP for the short of Newton polygon. Liu [10] proved the following 
Hodge bound for the C-function Cf >u (s,T). 

Theorem 1.4. We have 

T - adic NP ofC Lu (s,T) > ord p (q)(p - 1)H% U . 

In the rest of this paper, we assume that A = [0, d] and a = log p q. 
Fix < u < q — 2. Write u = UQ-\-u\p-\-- ■ • + u a _ij/ l ~ 1 with < Uj < p— 1. 
Then we have 

u 

-—^ = -{uq + uip H ), Ui = Ub+i- 

Write p l u = qi(q — 1) + Si for i £ N with < Sj < q — 1, then s a ^i = 
ui + ui + ip H h Ua+i^p^ 1 for < I < a - 1 and s { = s b+i . 
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Lemma 1.5. The infinite u-twisted Hodge polygon H^ d ^ u is the convex 
function on [0, +oo] with initial point which is linear between consecutive 
integers and whose slopes are 

u + m -\ h Ub-i I 7_ni 

M(p-1) + d' ' '"' ' 

Proof. One observes that + I with < i < b — lis just a permutation 
of xm + i, Xbi+2, • ■ ■ j ^6(1+1)- The lemma follows. □ 

Definition 1.6. For any i,neN, we define 

\ _ f 1; + u b-« — n ( rnod d) /or some / < d{^ }; 
e | 0, otherwise, 

where {•} is i/ie fractional part of a real number. We also define 5^ (0) = 0. 

Definition 1.7. T/ie arithmetic polygon P[o iC i],u ^ s the convex function on 
[0, +oo] with initial point which is linear between consecutive integers and 
whose slopes are 

= t 2^(\ 1 1 - *6 ("))> n G N ' 

i=0 

where ["•] is i/ie /east integer equal or greater than a real number. 
Write 

{x}, if{x}^0, 
if {x} = 0, 

where {•} is the fractional part of a real number. Define 
e(u) = min{d{-^-} |1 < i < b}. 
In this paper, we shall prove the following theorems. 
Theorem 1.8. We have 

P m , u >(p-l)H^ AiU . 
Moreover, they coincide at the point d. 

d 

Theorem 1.9. Let f(x) = [aix 1 , 0, 0, • ■ • ), and p > 4d — e(u). Then 

i=0 

T - adic NP ofC f)U (s,T) > ordp(q)P [od]u . 
d 

Theorem 1.10. Let f(x) = ( a i x \ 0, 0, • • • ), and p > 4d — e(u). Then 
there is a non-zero polynomial H u (y) € V q [yi \ i = 0, 1, • • • , d] such that 

T - adic NP ofC ftU (s,T) = ord p (q)P [04] , u 
if and only i/.ff u ((a;);=o,i,-- d ) / 0. 



{x} = 1 + x — \x] = / j 
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d 

Theorem 1.11. Let f(x) = ^ (a,iX l , 0, 0, • • • ), p > Ad — e(u) and m > 1. 
Then 

ir m - adic NP of Cf >u (s,TT m ) > ordp{q)P] f)td ^ u 
with equality holding if and only -ffu((aj)j=o,i, -- ,d) 7^ 0. 

By a result of W. Li [7], we see if p \ d, Lf jU (s,ir m ) is a polynomial of 
degree p m ~ 1 d. From the above theorem, we shall deduce the following. 

d 

Theorem 1.12. Let f(x) = ^ (c^x 1 , 0, 0, • • • ), p > Ad — e{u) and m > 1. 
Then 

7r m - adic NP of Lf >u (s,TT m ) > ord p {q)P^ 4 ^ u on [0,p m ~ 1 d] 

with equality holding if and only -ff u ((oj)j=o,i, -- ,d) 7^ 0. 

Note that e(0) = d and P[o,d],o 1S J us t the arithmetic polygon P[o } d] defined 
in Liu-Liu-Niu [13]. So the above results are generalizations of the corre- 
sponding results in Liu-Liu-Niu [13]. Initiated by a conjecture of Wan [15], 
the asymptotic behavior of generic Newton polygon of Lj >u (s, ir m ) with 
m = 1 was studied by Zhu [16-18], Blache-Ferard [5], and Blache-Ferard- 
Zhu [6]. 

2. Arithmetic estimate 
In this section, let Ri be a finite subset of {1, 2, • • • , a} x + N) with 

cardinality an for each 1 < i < 6, r a permutation of R = Uj=i Ri- 
Write i(l) = i ii I E. Ri. We shall estimate 

E>r^ r P<MQ - ^(t(Z))(t(0) + Mfc-i -, 

where </>j is the projection {1, 2, • • • , a} x + N) — > N such that 

0i((-,-^r+Z)) = Z. 
g - 1 

Define 

5 «m = J i. ^Ul'<{^}'; 



Write A n = {0, 1, • • ■ ,n - 1} and // = {^j. 



0, otherwise. 

d 



Lemma 2.1. For any 1 < i < 6, we /iaue 

n-l 

£($(0-^(0) 



i=0 



DO e < m < {^^i}'} - w g ^ n |{i}' > „ > { l!i±^zi } ' } . 
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Proof. Note that both o< and 5 e have a period d and initial value 0, so 
we may assume that n < d. The case n = 1 is trivial. We are going to show 
this for n > 2. Write 

^(i) f 1, pi + Ub-i = 0( mod d) for some m < I < n; 
[m,n] ~ | o, otherwise. 

Hence by definition, we have 

E$(0 = Hi < ^ < - - < {^±^}} + 

We also have 

n-l , 

2 4°(0 = tt{l < i < n - 2\l + 1 < d{^~p^} < n - 1} + 



«{1 < * < » - l|{^p} > A + C-i] " H<m<^' 



"ft-i 1 ^ n-l ■ 

------ ■ - - d 

1=0 

Therefore 

n-l 

E(^(o-4°(0) 

(=0 

r pl + Ub-i 1 ^ : 

Note that 

=m<i<n-i\{^p^}>^}+sf >n _ 1] 

and 

«{/ € A n \{ 1 -}' >^> { P^±pzl } ' } = 

the lemma follows. □ 

Lemma 2.2. Let A,B,C be sets with A finite, and r a permutation of A. 
Then 

#{a 6 A | r(a) £ B,a £ C} 
> #{ a e A\a£ B,aeC}-#{ae A\ag B,agC}. 
Proof. The reader may refer [13] and we omit the proof here. □ 
For I £ Ri, define 

^ f lf 4/ { ^(,»M0) y < {E M)+^ } ' ; 
I 0, otherwise. 

Theorem 2.3. VFe Ziawe 

6 6 n-l 6 

E E 6 <U l ) > a E £(*< - 4 i} )(0 - 2E«{ /e ^i*(o > » - 

i=l ZG-R.i i=l «=0 i=l 
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Proof. By definition, we have 

E E si U) = w e EK^iMy < { gM!l!MQ } ' } 

i=l ie-Ri 

> ho e fl|{^ (T(0) y < „ < { ^(Q(0 + ^(oy } . 

d d 
Applying the last lemma with .A = i? and 

5 = {/ G < /i}, C = {/ G i?|/u < { ^w(0+"^(0 y }> 

we have 

E E C(0 * «0 € *|{^}' < „ < { ^)(0 + "^(0 y } 

i=i zei?i 

-t)0 e «|{^}' > m > { ^1±^ } ' } 

Note that 

tt{^M^}'</^<{^^}'} 

a a 

> mil) e < M < { p0»(O + «6-t y } _ eAnJ ^ Ri} 

a a 
= aW G A n \{ 1 -}' < v < { P[±pzl } ' } _ # {<W /) e An , I G* 

and 

^|{^}' > /* > { ^1±^ } ') 

< tt{^(0 e > M > { gMl±^i } ' } + Wl g /j. ^ > „ _ i } 

a a 
= 4{l G A n |{^}' > /i > { P*+^-< } '} + J({Z G jfc, &(J) > n - 1}. 

By tf{</>i(0 G A n ,Z G" = G Ri,4>i(l) G" A n }, the theorem follows from 
Lemma 12.11 □ 

Theorem 2.4. If p > Ad — e(u), then we have 

E E^ 1 ^ «^[0,d], M N+K^ 6 R,<t>i(l)(l) > n-l}. 

i=i leRi 

Proof. By the definition of 8<* T (l), we see 

r p<t>i(l) - ^i( T (;))(r(/)) +Ub-i _ M^+Ub-j _ f (f>i(r(l))(r{l)) 1 (i) 

d d ' ' d \ + °<>tW- 

Since p > 4d — e(n), we have 
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= ( E + E - E K ^'^-' T-r^i) 

n-1 , , 

> «E(r^? zi i - r 5 i) + 3it{z e fti^co > *- 1>. 

The theorem is proved by Theorem 12.31 □ 



3. Twisted T-adic Dwork's trace formula 

In this section we review the twisted T-adic analogy of Dwork's theory 
on exponential sums. 

OO i oo 

Let E(x) = exp(YJ ¥ - T ) = \ n x n be the Artin-Hasse series. Define a 

i=0 P n=0 

new T-adic uniformizer tt of the T-adic local ring Q P [[T]] by the formula 
E(tt) = 1 + T. 

Recall M u = Af u ([0, d]) = {v G Q> |w = ( mod 1)}. Write 
T« = { 2 : 6 - e Z 9 [[tt^]]} 

and 

B u = { b v Tr%x v : G Zg[[7r ''f'?- 1 ) ]]; ord^&u — > oo,v — > oo}. 

Define ij) p : L u ^ L p -i u by YJ ft^x 1 ') = YJ b pv x v . Then the map 
V'p o Tvy sends L M to B p -i u , where Ef(x) = ] [ E(iraiX % ) G To- 

l 

The Galois group Gal(Q g /Qp) can act on B u by fixing 7r d ( 9_1 ) and x. Let 
<7 G Gal(Q g /Q p ) be the Frobenius element such that a(() = ( p if C is a 
(<7 — l)-th root of unity. The operator ^ = a" 1 o ip p o EAx) sends -B u to 

B p -i u , hence ^ operators on B = ©^Eq -B p ; u . We call it Dwork's T-adic 

i 

semi-linear operator because it is semi-linear over 7j q [[ir d( -i- 1 '> ]]. 

Note that f a = ipp 1 ° IIS) Efi^). It follows that ^ a operates on 5 U 
i 

and is linear over Z p [[7r d (9- 1 ) ]]. Moreover, one can show that is completely 

i 

continuous in sense ofSerre [14], so det(l — ^ a s\B u /Z q [[ir d (''- 1 '> ]]) and det(l — 

^s\B/Z p [[ir^h)}]) are well defined. 

Now we state the twisted T-adic Dwork's trace formula [9]. 

Theorem 3.1. We have 

C Lu (s,T) = det(l - ^ a s\B u /Z q [[7T^h)}}). 
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4. The twisted Dwork semi-linear operator 
In this section, we shall study the twisted Dwork semi-linear operator ^f. 

, oo 

Recall that ^ = a" 1 oip p oEf, E f {x) = J]f =0 E(naiX l ) = lnX n , where 



n=0 



d 1 = 

Y] ini=n;m>0 
i=0 



We see B = ®^ =1 B p i u has a basis represented by {x 9-1 +:? }i<i<6, j&i over 



f7r rfCa— i) 11 . We have 



pl + U b -i-j 



1+^ 

;X I- 1 



1=0 



1=0 



For 1 < k, i < b and I, j G N, define 



(j-i+''7ir+j) 1 0, otherwise. 
Let £i, ■ ■ ■ , £ a be a normal basis of Q g over Q p and write 



E 7 (» I i+i)(»-A+j)^ 



w=l 



It is easy to see 7^ ^ k | ^ -ff-+j) = for any u? and u if A; ^ i — 1. Define 
the i-th submatrix by 

r(j) = (7 K ^ +0 (^ +i) )l<^<a;Z,jeN, 

1 

then the matrix of the operator $ on B over Zp[[7r d C«-U ]] with respect to 
the basis {^x^ J }i<i<6,i<t,<o;ie 



is 

/ rW •■■ \ 
r( 2 ) •■■ 

••• r^" 1 ) 
V rW • ■ ■ / 

Hence by a result of Li-Zhu [8], we have 

00 

det(l - y S \B/Z p [[ir^)}}) = det(l - Ts) = ^2(-l) bn C bn i 

n=0 



bn 



with C n = ^2 det(A) where A runs over all principle n x n submatrix of T. 

For every principle submatrix A of T, write AW = A n T w as the sub- 
matrix of r w . For a principle bn x 6n submatrix A of T, by linear algebra, 
if one of A^ is not n x n submatrix of T w then at least one row or column 
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of A are since A is principle. Let A n be the set of all bn x bn principle 
submatrix A of T with A® all n x n submatrix of rW for each 1 < i < b. 
Then we have 

6 

C bn = £ det(A)= (-l) n2(6 - 1) II det (^ (<) )- 

Let 0(n a ) denotes any element of 7r-adic order > a. 
Lemma 4.1. We have 

d 



d i=l 

1=1 

Z — 1 

d d 

Proof. This follows from the fact that ^ > [~^] if ^ inj = n. □ 
Corollary 4.2. For any 1 < i < b and 1 < w, v < a, we have 

pl + u b _ i -j 

Proof. By 



9 q w=l 



this follows from Lemma 14. 11 □ 
Theorem 4.3. If p > Ad — e(u), then we have 

ord n (C abn ) > a6P[ 0id ] iM (n). 

/n particular, 

b 

C abn = ±mTm([[det(( lpM+Ub _ i ) l , jeAn )) + (n abP ^ {n)+ ^), 

i=l 

l 1 

where Norm is the norm map from Q 9 (7r d (9-i) ) to Q p (7r d ('?- 1 ) ). 

Proof. Let A 6 -4 an , Ri the set of rows of A® as the submatrix of TW, r 
a permutation of F = IJi-^i- By the above corollary and Theorem 12.41 we 
have 

ond n {C abn ) >2_^l^ \ 2 ^ a6P [o,d],«(^)- 

i=l /e-Ri 



10 



CHUNLEI LIU AND CHUANZE NIU 



Moreover the strict inequality holds if there exist 1 < i < b such that 
Ri 7^ 4>i l {A n ), hence 
6 

c abn = n det (v^+o(«,A+j) )i ^ aj,j ' eA " + o(7r abp ^ {n)+ ^). 

i=l 

Therefore the theorem follows from 

det((7 (l|>j ^. +J)(t)j ^ i+J .j)i< t0 , w < a ji )Jf6i 4 B = ±Norm(det(7 ( ^i +/j _^_ +i) ) /Jej4n ). 

□ 

5. Hasse polynomial 
In this section, 1 < n < d — 1. We shall study det((7 p /_j +U() _Jo</j<n-i))- 

Definition 5.1. Let S n be the set of permutations of A n = {0, 1, ■ • ■ , n — 1}. 

For 1 < i < b, we define 

S n , = {reS n \—> — [ ~ d !}■ 

Lemma 5.2. Let p > Ad — e{u) and r G S n . Then we have 

^\-kpl + U b _i-T{l) 

Z^zJ -a 1 > bP io,d]A n )> 



d 

1=1 (=U 

with equality holding if and only if r € S n i for each 1 < i < b. 
Proof. Because 

pl + u b _j-T{l) pl + u b _i - (n- 1) 
1 d 1 - 1 d 1 

with equality holds if and only if 

r(l) > pl + Uh-j _ jpl + u b _j - (n - 1) 
d ~ d d ' 

it suffices to show for each 1 < i < b, 

z=o ^ z=o ^ 

It is trivial for n = 1. For n > 2, it need to show 

E($(0 " 4 fl (0) = HO < / < n - 1|{^}' < { ^zi } ' } _ l. 
i=l 

By Lemma l2,l| in case of d\u b ~i, the lemma follows from 

6 it-i] = l \<c-^±}<^ = °> 

and 

tt{0 < / < n - 1|{— — } < { 1 | 
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In case of d \ Uf,-i, we have 

U{0 < I < n - 1|{— — } < { } } 

= ti{l < / < n - < { ~ d }} + <5[i, n -i] + 1 ^l <{ ^iy 

Hence it follows from the equation li^r%dvn-i + ^ r "fc-» i =1- D 

d — l d J- d d L d J 

Definition 5.3. De/ine H rhU (y) = Y\ b i=1 H^ u (y) , where 

h ( sm= e sgnM n e n^y?- 

TGS n> i l&A n d j=l 

Theorem 5.4. Lei p > 4d — e(u), i/ien we have 

b 

Yl det ((l P i-j+u b ^)i,jeA n ) 

i=l 

Proof. We have 

n-l 

det(7 p /_ j+U6 _ i )o<^,i<n-i = E s S n ( T ) II Tirf-T(i)+« b _i- 

re5„ 1=0 

The theorem now follows from Lemma 14.11 and 15.21 □ 

Definition 5.5. The reduction of H n ^ u modulo p is denoted as H UtU , and 
is called the u-twisted Hasse polynomial of [0,d] at n. The u-twisted Hasse 
polynomial H u of [0,d] is defined by H u = Iln=i Hn,u- 

Theorem 5.6. The u-twisted Hasse polynomial H u of [0,d] is nonzero. 
Proof. As a polynomial of y^, the leading terms of H^ u {y) appear in 

sgn(r) I I \ vl+ u b _ l - T{l) y d y ), l+Ub _._ T(l) , 

rC «_ , j-n 1 d 1 ^ d > 



MO 

^ ^ yi+^b-i- T ( l ) -^y d ' 

where S T (l) is or 1 depending on whether d\(pl + Uf,-i — t(1)) or not. 

We show among the leading terms of Hn^ u (y), there is exactly one minimal 
monomial. 

For < / < n — 1, write pi + u^-i = qid + ri, < r\ < d— 1. Then r G <SVi,i 
is equivalent to 

r(Z) > 77 _ rj - (ra- 1) 
d ~ d d 
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Assume we have n < 77 1 < • • • < r\ m < n - 1 < n m+1 < ■■■ < ri n __ 1 . Hence 

r € S n ,i if and only if r(lj) > for < j < m. 
Since 

n— 1 , /,n n— 1 m / ; n— 1 

[ 5 ] = 2^91 + 2J — 2 — ] - ^ qu 

1=0 1=0 j=0 1=0 

with equality holding if and only if 77 . = r(lj) for all < j < m. Therefore 
the leading terms appear for such r that 77. = r(lj) for all < j < m. 

For m + 1 < j < n - 1, we have 5 T (lj) = 1 and {Ete^iZlM} = r h~^\ 
Hence among the leading terms, the minimal monomial appears exactly 
when r(lj) = rj. for all < j < m and 

r(/ m+ i) = max{A n - {n ,-- ■ ,n m }}, 
r(Z m+2 ) = max{A n - {n ,-- ■ , r im , r(Z m+ i)}}, 



r(/ n ,_i) = A n - {n ,- • • ,n m ,r(/ m+ i), • • • ,T(Z n _ 2 )}- 
Now the theorem follows from Aj = j? G Zp for < j < p — 1 . □ 

6. Proof of the main theorems 

In this section we prove the main theorems of this paper. 
Firstly we prove Theorem 11.81 which says that 

with equality holding at the point d. 

Proof of Theorem \1.8[ It need only to show this for n < d. By the equation 

j2^ (p-l)l + Uj ^ _ s (i)^ = j^^ pl + Ui - (n - 1) ^ 

1=0 ^ 1=0 ^ 

that used in the proof of Lemma 15.21 it suffices to show 

Er Pl + Uj - [n - 1) ^ {p - 1)1 + m 
1 d 1 - 2^ d 
1=0 1=0 

The case n = 1 is trivial. For n > 1, since 

E 1 pZ + iti-(n-l) \^ pl + Ui pl + Ui , 
1 d 1 " ^ { ^r ~ { ^r } + Ww^W' 

«=o z=o 



it suffices to show 

1=0 1=0 
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Now the inequality follows from 

n—l , n— 1 , 

^ pl + Ui / ^ pl + Ui , 

2-«— - i {2fi}<{ ^ } < 1, 1—5-} • 

1=0 Z=0 ,{Pi+2fi}' <{^} 

Moreover the equalities above hold when n = d, the theorem is proved. □ 

Lemma 6.1. TTte T-adic Newton polygon o/det(l - ^s^S/Z^vr^ 1 ) ]]) 

1 

coincides with that o/det(l - ^/s\B/Z p [[TT d (i- 1 i ]]). 

Proof. The lemma follows from the following: 

[ det(l - y(s\B/Z p [[jr^=V]]) = det(l - ^ a s a \B /Z p [[ir^h)]}) 
C a =i 

= Norm(det(l - ^ a s a |S/Zj[vr^T ]])), 
1 1 

where Norm is the norm map from Q g [[vr d <«- 1 ) ]] to Q p [[7r d (« _1 ) ]]. □ 
Lemma 6.2. The T-adic Newton polygon of Cf^ u (s,T) b coincides with that 
o/det(l - * a s|S/Z g [[7r^iJ]]). 

Proof. Let Gal(Q g /Q p ) act on Z 9 [[T]][[s]] by fixing s and T, then we have 
C pu j(s,T) = Cf tU (s,T) a . Therefore the lemma follows from the following 

b-i b-i 
l[C Lu (s,Tr l =Y[C p i uJ (s,T) 

i=0 i=0 

6-1 

= JJdet(l - y a s\B plu /Z q [[Tr^h)}}) = det(l - * a s|S/Z ? [[7r^T]]). 

8=0 

□ 

Theorem 6.3. The T-adic Newton polygon ofCf tU (s, T) is the lower convex 
closure of the points 

(n, jord T (C abn )), n = 0, 1, • • ■ . 


Proof. By Lemma [6,14 we see the T-adic Newton polygon of the power series 

1 

det(l — ^ a s a \B fLq^TT d{c i-^ ]]) is the lower convex closure of the points 

(n,ord T (C n )), n = 0, 1, ••• . 

It is clear that (n, ordT(C n )) is not a vertex of that polygon if a \ n. So that 
Newton polygon is the lower convex closure of the points 

(on, ordT(Can)), n = 0, 1, • • ■ . 

1 

Hence the T-adic Newton polygon of det(l — ^f a s\B /Z q [[ir d (<?-i) ]]) is the 
convex closure of the points 

(n,ord T (C an )), n = 0, 1, • ■ ■ . 
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By Lemma RT2| the T-adic Newton polygon of Cf iU (s, T) b is the lower convex 
closure of the points 

(n,ord T (C an )), n = 0, 1, • • ■ , 

hence the closure of the points 

(bn, ovd T (C abn )), n = 0, 1, • • ■ . 

It follows that the T-adic Newton polygon of Cf tU (s, T) is the convex closure 
of the points 

1 

(n, T ord T (C abn )), n = 0, 1, • • ■ . 
b 

The theorem is proved. □ 

We now prove Theorem 11.91 which says that if p > Ad — e(u), 

T - adic NP of C Lu (s,T) > ord p (g)P [M>u . 

Proof of Theorem \1.9l The theorem follows from Theorem 14.31 and the last 
theorem. □ 

Theorem 6.4. Let A(s, T) be a T-adic entrie series in s with unitary con- 
stant term. If ^ \t\ p < 1, then 

t - adic NP of A(s, t) > T - adic NP of A(s, T), 

where NP is the short for Newton polygon. Moreover, the equality holds for 
one t if and only if it holds for all t . 

Proof. The reader may refer [13] and we omit the proof here. □ 

d 

Theorem 6.5. Let f(x) = ^ (a^x 1 , 0, 0, ■ ■ ■ ) ; and p > Ad — e(u). If the 

i=0 

equality 

7r m - adic NP of C f>u (s, ir m ) = ord p (g)P [0id ] iM 
holds for one m > 1, then it holds for all m > 1, and we have 
T - adic NP ofCf jU (s,T) = ord p (q)P[ 04 ^ u . 

Proof. This follows from Theorem 11.91 and the last theorem. □ 

d 

Theorem 6.6. Let f(x) = £ {aix\ 0, 0, ■ ■ ■ ) . Then 

i=0 

7r m - adic NP of Cf )U (s, ir m ) = ord p (g)P [0id ] iM 

if and only if 

■K m - adic NP of L f)U (s,TT m ) = ord p (g)P[ 0id ] iU on [0,p m ~ 1 d]. 
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p m - 1 d 

Proof. Assume that Lf ;U (s,ir m ) = (1 — /3js). Then 

i=l 

oo oo p m ~ 1 d 

Cf, u {s,ir m ) = WLf^(q> s,TT m ) = J [ (1 - fkq 3 s). 
j=o j=o i=i 

Therefore the slopes of the g-adic Newton polygon of Cf :U (s,n m ) are the 
numbers 

j + ord,(ft), 1 < i < p m_1 Vol(A),j = 0, 1, • • • • 

Since 

w(i + m^d) = p m - p m ~ l + w(i), 
then the slopes of P\o,d],u are the numbers 

j(p m -p m ~ 1 ) + w({), 1 <i<p m ~ 1 d,j = 0,1,- ■■ ■ 
It follows that 

7r m - adic NP of C/ )U (s, 7r m ) = ord p (g)P [0id ] iM 

if and only if 

TT m - adic NP of L/,„(s, 7r m ) = ord p (g)P[ 0jd ] iU on [0,p m_1 d]. 

□ 

We now prove Theorems ll,10[ 11.111 and 11.121 By the above theorems, it 
suffices to prove the following. 

d 

Theorem 6.7. Let f(x) = (a i x i , 0, 0, • • • ), and p > id - e(u). Then 

i=0 

7Ti - adic NP of Lf tU (s,Tn) = ovd p (q)P[ 0:d ] :U on [0,d] 
if and only if H((ai) <i< d ) ¥= 0. 

Proof. By a result of Liu [10], the g-adic Newton polygon of Lf >u (s,iri) 
coincides with u at the point d. By Theorem [L8l -P[o,d], u coincides with 
(p — l)HtQ j u at the point d, It follows that the 7Ti-adic Newton polygon of 
Lf iU (s,iri) coincides with oid p (q)P[ 0d \ u at the point d. Therefore it suffices 
to show that 

7Ti - adic NP of L/ )U (s, 7ri) = ord p (g).P[ M ] iU on [0, d - 1] 

if and only if H((ai) <i< d ) ^ 0. 
From the identity 

oo 

C/,u0,7ri) = L /iU (g J s,7ri), 

3=0 

and the fact the g-adic orders of the reciprocal roots of Ly jU (s, 7Ti) are no 
greater than 1, we infer that 

7Ti — adic NP of L/ )U (s, m) = 7Ti — adic NP of Cf tU (s, tti) on [0, d — 1]. 
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Therefore it suffices to show that 

7ri - adic NP of C /)U (s,7Ti) = ovd p (q)P [04]tU on [0,d- 1] 

if and only if i?((ai)o<i<<z) 7^ 0- The theorem now follows from the T-adic 
Dwork trace formula and Theorems 14.31 and 15.41 □ 
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